The solar f modes are a branch of oscillations characterised by a close correspondence between their measured dispersion relation and that predicted for a pure surfacegravity wave: ! 2 = gk where g is the surface gravity of the Sun. However, there is now substantial evidence for deviations from this simple behaviour. We consider the hypothesis of Rosenthal and Gough (1994) that the f modes are characterised better as an interfacial wave propagating at the chromosphere-corona transition. Using a standard solar-interior model, a semi-empirical atmospheric model, and a parameterised transition-region model as our equilibrium state, we solve the linearised oscillation equations for the interfacial f mode. We nd that the frequencies of the interfacial f mode di er from those of the classical f mode only at very high degree. We conclude that the interfacial f-mode theory may be the correct explanation for the very high degree data, but that some other mechanism is required to explain the lower degree data.
(1) where k and ! are the wavenumber and frequency and g is the surface gravity. More precisely, solutions of the oscillation equations in a spherical solar model truncated at some height R will possess a solution branch which satises the asymptotic relation, equation (1), with g = g(R ) and k = p l(l + 1)=R , where l is the spherical harmonic degree. In what follows, this solution to the equations will be referred to as the classical f mode. Clearly there is some ambiguity involved in the choice of the truncation radius R , and this is a matter which will be discussed further below.
The frequencies of f modes have been measured by Libbrecht, Woodard & Kaufmann (1990) , Korzennik (1990) and Rhodes, Cacciani and Korzennik (1991) , Fernandes et al. (1992) and Bachmann et al. (1995) , all of whom nd substantial deviations of the frequencies from those calculated numerically from standard solar models (Fig. 1) . The data of Libbrecht et al. indicate a possible small negative deviation from the classical f-mode frequencies at lower degrees and a substantial negative deviation at higher degrees. The data of Bachmann et al. show a somewhat di erent behaviour with positive deviations at lower degree and negative deviations at higher degree. Korzennik and Rhodes et al. observe f modes only at the lower range of mode degrees, and show results similar to those of Bachmann et al.. The measurements of Fernandes et al. extend to higher degree than any of the other data sets and show a similar negative frequency deviation to that reported by Libbrecht et al.. The principal discrepancy between these results therefore lies in the lower (300 < l < 1000) degree range. While this di erence has not yet been fully explained, we note that the measurements of Bachmann et al. were made with an instrument (the High-l Helioseismometer, HLH) speci cally designed for such high-degree measurements. In particular, the HLH makes whole-disk measurements, and is therefore less likely to be subject to systematic errors in the determination of the horizontal scale than the other instruments.
The asymptotic dispersion relation (equation 1) has the unusual feature of being independent of the hydrostatic structure of the Sun. This feature is re ected in the extreme insensitivity of the classical f-mode eigenfrequencies of solar models to the equilibrium strati cation. Thus the anomalous frequencies displayed in Fig. 1 cannot be explained by simple changes in the solar structure, but require the introduction of some new mode physics. Suggestions for such modi cations to the physics include magnetic elds (Campbell & Roberts 1989; Evans & Roberts 1990; Rosenthal 1995) , ow elds (Murawski & Roberts 1993a,b) and a change in mode character due to re ection at the transition region (Rosenthal & Gough 1994 , hereinafter referred to as RG).
In using such ideas to explain the data, we face the difculty that, at the lower degrees, the di erent datasets do not agree on the sign of residuals to be explained. Thus any theory which changes the mode frequencies in either direction may be considered as providing a possible contribution to the observed e ect. In particular, magnetic elds tend to increase mode frequencies whilst ows produce decreases in most (but not all) cases. However, neither suggestion can be entirely ruled out on the basis of available data. For this reason, we prefer to concentrate on the very high degree data (l > 1000) for which the di erent datasets are in broad agreement and point to a negative residual of a few percent.
In this work, we concentrate on the interfacial-mode model of RG. The classical f mode has the property that its velocity amplitude increases exponentially with height irrespective of the equilibrium strati cation. As pointed out by RG, such a solution is unphysical. Moreover, if we believe that the classical f-mode solution to the equations is valid at all heights in the solar atmosphere, then this exponential growth in amplitude will translate also into an exponential growth in energy in the corona where the density scale height becomes very large. RG therefore postulated that the observed f modes correspond to an interfacial mode peaked in amplitude near the chromosphere-corona transition. The velocity amplitude of such a mode decreases exponentially away from the transition region in both directions and it therefore has nite total energy. We call this mode the interfacial f mode.
In the region below the transition zone, the interfacial f mode has an eigenfunction which is extremely similar to that of the classical f mode. Unsurprisingly, therefore, its dispersion relation is also similar. RG found, from a combination of numerical and asymptotic calculations, that the interfacial f mode has a frequency slightly lower than that of the classical f mode at high degree, and that the extent of the deviation is sensitive to the structure of the transition region. In particular, the frequency deviation increases when the width of the transition is increased or the magnitude of the temperature jump across it is decreased. RG also found positive frequency deviations at lower degrees, but these may have been an artefact of their simple planeparallel model in which the region below the transition was treated as an isothermal layer in which the density increases exponentially with depth. We do not nd any positive frequency shifts in the more realistic models to be discussed here.
The calculations of RG were carried out for a planeparallel equilibrium consisting of two isothermal layers of gas separated by a continuous transition region. We here extend their work to a realistic solar model in spherical geometry. In Section 2, we discuss the equations governing the interfacial f mode in a spherical star and derive an asymptotic dispersion relation analogous to that produced by RG for the planeparallel case. In Section 3 we describe the solar interior and atmospheric model to be used and present numerical results. Our conclusions are presented in Section 4.
EQUATIONS FOR THE INTERFACIAL F MODE
The linearised equations for adiabatic oscillations of a spherically symmetric star in hydrostatic equilibrium may be written 
where and p are the radial displacement and the Lagrangian pressure perturbation respectively, and r, g, c, and are the radial distance, acceleration due to gravity, sound speed, and equilibrium density respectively. The frequency These equations may be solved numerically with appropriate boundary conditions. Following RG, we can also obtain an asymptotic estimate of the frequency of the interfacial f modes as follows. We de ne a reference radius Rt (which we will later de ne to be the radius of the transition region) and look for solutions to equations (2) and (3) 
where is a small quantity and gt g(Rt). We anticipate that equation (5) (9) In deriving equations (8) and (9), we have made no speci c assumptions about the magnitudes of and c. We now proceed by assuming that for z < 0, they are of order unity. In order for an interfacial mode to exist, there must be a narrow region over which the density falls rapidly, so we assume that for z > 0, c 2 is O(1= ) and is O( ). Thus the reference height Rt must correspond to the location of a thin layer in which the temperature rises extremely rapidly, i.e. the chromosphere-corona transition. Now, following RG, we make the expansion = e L 1 ( z+ 1 ( z)+ 2 2 ( z)+:::) (10) and p = 1( z) + 2( z) + : : :] (11) in the region z < 0. The lowest-order terms in this expansion therefore correspond to the high degree limit of the classical f mode, in which the displacement grows exponentially with height and the Lagrangian pressure perturbation is zero.
In the region z > 0 we take p = Ae ?L 1 ( z+ ~ 1 ( z)+ 2~ 2 ( z)+:::) (12) and = 1 ~ 0( z) + ~ 1( z) + : : :] p (13) for z > 0, where~ i(0) = 0 and A is a normalisation constant.
In this case, the lowest-order term corresponds to the second solution of the oscillation equations in the limit in which equation (1) is valid .
Expanding equation (8) 
whilst expanding equation (9) 
Then continuity of p and at z = 0 implies that 
The rst two terms on the right hand side of equation (17) were originally derived by as asymptotic approximations to the dispersion relation of the classical f mode in a spherical star. The third term is essentially identical to that derived by RG for the eigenfrequencies of the interfacial f mode of a plane-parallel atmosphere. The curvature terms act to raise the mode frequencies at lower degrees, whilst the e ect of the interfacial term is to lower the frequencies at high degree. Anticipating the results of the next section, we note that the curvature terms give an extremely good representation of the numerical eigenfrequencies at the lower end of the observable degree range, whilst the interfacial terms give a fair representation of the high degree frequencies provided the transition region is su ciently thin.
THE MODEL
We construct a solar model consisting of three regions. The innermost region corresponds to the solar interior out as far as the temperature minimum and is taken from a standard solar model, as described by Christensen-Dalsgaard, Pro t and Thompson (1993) . The second region is from the temperature minimum out to a temperature of 6440K at a height of about 1600km above the photosphere, and is based on model C of Vernazza, Avrett and Loeser (1981) (hereinafter, the VAL model). The third region is the chromospherecorona transition, and consists of a parameterised atmospheric structure, rather than being based on any particular theoretical or semi-empirical picture.
There exist a number of possible strategies for matching the VAL model to the solar interior model. The situation is complicated by the fact that the VAL model is not in hydrostatic equilibrium but contains a signi cant turbulentpressure component. Our oscillation equations are derived only for a hydrostatically strati ed equilibrium, and it is not yet known how to include the dynamical e ect of turbulence in the oscillation equations in a self-consistent manner. We must therefore modify the VAL model to make it hydrostatically strati ed. The strategy we adopt is to assume that the square of the sound speed in the VAL region is proportional to the ratio of the total pressure (gas + turbulent) to the density, and we x the constant of proportionality by requiring continuity of sound speed at the matching point between the models, which we take to be the temperature minimum. We further assume that , the ratio of principal speci c heats, becomes constant above the interior region. With the sound speed and thus speci ed, the density and pressure may be calculated from the equation of hydrostatic equilibrium and the requirement of pressure continuity at the matching point.
We truncate the VAL model at a height of 1605km above the photosphere, where the model has a roughly isothermal plateau. Above this region we use a distribution With these constraints, we are nally left with a twoparameter family of hydrostatic models spanning the region from the solar interior to the corona. The parameter Q is approximately equal to the temperature jump across the transition, and we assume a typical value of about 160. The parameter is a measure of the thickness of the transition and is, we believe, largely unknown. This does not represent a con ict with the semi-empirical determinations which show that the transition region is extremely thin. Indeed, at any given horizontal location on the Sun, the transition region may be very thin. However, the wave modes in which we are interested are sensitive to the mean horizontal structure (averaged on a scale determined by the horizontal wavelength) and the average structure must be more smooth than the structure at any given location. It is for this reason that we have chosen to represent the upper part of the atmosphere as a smooth transition from atmospheric to coronal temperatures, rather than continuing to use a semi-empirical model such as VAL. Fig. 2 shows the density and sound speed distributions in our model for one set of parameters. Note, in particular, that although the middle region is geometrically very thin, the density falls by several orders of magnitude across it.
We have calculated numerical eigensolutions to equations (2) and (3) using a shooting method in which we integrate the equations of motion inwards from each boundary and adjust the frequency until the solutions match at an inner point, which we take to be the radius Rt. We have also calculated asymptotic frequency estimates using equation (17). Fig. 3 shows the computed energy density as a function of height for modes with three di erent values of l. It is clear from the gure that the lowest-degree modes are peaked in the region below the solar photosphere. At l = 1500, the mode is peaked at the photosphere itself, and at l = 3000 the mode shows a double-peaked structure with one peak near the temperature minimum and another at the transition region. We would thus expect the lower-degree modes to be very insensitive to the structure of the transition region whilst the modes of very high degree are likely to be insensitive to sub-photospheric e ects such as convection. degrees, there is no signi cant di erence between the classical and interfacial f-mode frequencies. This is as expected since, as discussed above, these modes have a negligible part of their energy in the upper atmosphere. The frequencies of the interfacial modes only begin to drop signi cantly below p gk for l > 2000. This is in contradiction with the data which show negative frequency residuals at much lower degrees. We must therefore conclude that the residuals include a component due to some e ect occurring in the photospheric or sub-photospheric regions where the mode energy at these lower degrees is concentrated. At very high degrees, the interfacial-mode frequencies are several percent lower than those given by the classical f-mode relation (equation 1).
The frequencies are also sensitive to the structure of the transition layer as controlled by the parameter , with the size of the deviations being an increasing function of . The frequency deviations are found to increase with decreasing value of Q, the transition-region jump parameter. The asymptotic relation (equation 17) provides a reasonably accurate prediction of the behaviour of the numerical solutions in this wavenumber range.
CONCLUSIONS
The observed frequencies of solar f modes show deviations from the expected frequencies of the classical f mode throughout the observed wavenumber range. Whilst it would be satisfying to nd a single e ect which could explain the trend of these frequency residuals across the whole range, we do not believe that such an explanation is likely, as modes at the extremes of the range have their energy concentrated in very di erent regions of the Sun. The anomalous frequencies for the lower degrees must be due to some e ect occurring near the photosphere, whilst the deviations at very high degrees must be due to e ects in the upper atmosphere.
The numerical solutions presented here show that the interfacial f mode is a possible explanation for these anomalous frequencies at very high degrees. Interfacial f-mode frequencies are substantially lower than those of the classical f mode and are in better agreement with the observations. Moreover, the introduction of the interfacial f mode resolves the problems associated with the unphysical nature of the classical f mode.
From the theoretical point of view, the anomalously low frequencies at l < 2000 are still not fully explained. The effect of turbulent convective uctuations appears to be the most promising explanation (Rosenthal et al. 1995) . How-ever, it is too early to rule out other possibilities such as non-adiabatic e ects. The data on f-mode frequencies possess considerable uncertainties. At the lowest degrees, the di erent datasets do not agree on the sign of the residuals to be explained, whilst at the very high degrees, there exists at present only one set of observations. We expect that much-improved data will soon become available from the GONG network and the SOHO satellite. The SOHO data, in particular, should provide accurate measurements of very-high-degree f-mode frequencies. With this new data we should have a much better idea as to the validity of the interfacial model and the prospects of using the f mode as a tool for probing the structure of the solar atmosphere.
